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Abstract
It has been recently pointed out by Mithani-Vilenkin [1–4] that certain emergent universe sce-
narios which are classically stable are nevertheless unstable semiclassically to collapse. Here, we
show that there is a class of emergent universes derived from scale invariant two measures theories
with spontaneous symmetry breaking (s.s.b) of the scale invariance, which can have both classical
stability and do not suffer the instability pointed out by Mithani-Vilenkin towards collapse.
We find that this stability is due to the presence of a symmetry in the ”emergent phase”, which
together with the non linearities of the theory, does not allow that the FLRW scale factor to be
smaller that a certain minimum value a0 in a certain protected region.
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The standard hot big-bang model provides us with the description of how the universe
evolves, explaining the observational facts, such as the Hubble expansion, the 3K microwave
background radiation and the abundance of light elements. However, this model presents
some problems in its evolution. We will reference some of then; the smoothness or horizon
problem, the flatness, the structure or primordial density problem, etc.. These problems can
be solved in the context of the inflationary universe [5], where the essential feature of any
inflationary model is the rapid but finite period of expansion that the universe underwent at
very early times in its evolution. Perhaps the most import feature of the inflationary universe
model is that it provides a causal explication for the origin of the observed anisotropy in the
cosmic microwave background radiation (CMB), and also to the distribution of large-scale
structures, which are consistent with the observations [6, 7].
However, one should point out that even in the context of the inflationary scenario one
still encounters the initial singularity problem [8, 9] showing that the universe necessarily
had a singular beginning for generic inflationary cosmologies [10].
One interesting way to avoid the initial singularity problem is to consider the emergent
universe (EU) scenario [11]. The emergent universe refers to models in which the universe
emerges from a past eternal Einstein static state (ES), inflates, and then evolves into a hot
big bang era. The EU is an attractive scenario since it avoids the initial singularity and
provides a smooth transition towards an inflationary period.
The original proposal for the emergent universe [11] supported an instability at the clas-
sical level of the ES state, and various models intended to formulate a stable model have
been given [12], in particular the Jordan Brans Dicke models [13]. In this context, Mithani-
Vilenkin in Refs. [1]-[4] have shown that certain classically stable static universes could be
unstable semiclassically towards collapse. In this work, we show that there is a class of
emergent universes derived from scale invariant two measures theories with spontaneous
symmetry breaking of the scale invariance, which can have both classical stability and do
not suffer the instability pointed out by Mithani-Vilenkin towards collapse of the ES state.
In a series of papers [14]-[17] we have studied a class of EU scenarios which are based
on a spontaneously broken scale symmetry induced by the dynamics of a Two Measures
Field Theory (TMT)[18]-[23], (see also Ref.[14]). In such model there is a dilaton field φ
and the EU as the t −→ −∞ is well described by an Einstein static universe, where t is the
cosmological time.
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In the Appendix A, we have included a summary of the principal characteristic of the
TMT theories. Here we want to consider the detailed analysis of the EU solutions of the
model developed in Ref. [15]. The results obtained in this case can also be applied to models
studied in Refs. [14]-[17], which present similar symmetries as the model in Ref. [15].
We start by considering the Friedmann-Robertson-Walker closed cosmological solutions
of the form
ds2 = dt2 − a(t)2
(
dr2
1− r2 + r
2(dθ2 + sin2θdφ2)
)
, φ = φ(t), (1)
where a(t) is the scale factor, and the scalar field φ is a function of the cosmic time t only,
due to homogeneously and isotropy. We will consider a scenario where the scalar field φ is
moving in the extreme left region φ → −∞. In this case, the expressions for the energy
density ρ and pressure p are given by
ρ =
A
2
φ˙2 + 3Bφ˙4 + C, (2)
and
p =
A
2
φ˙2 +Bφ˙4 − C, (3)
see Appendix A. Where the constants A,B and C are given by,
A = 1− 2δbgV1
4(bgV1 − V2) , B = −
δ2b2g
4(bgV1 − V2) , and C =
V 21
4(bgV1 − V2) . (4)
As was discussed in Ref.[15], the emergent universe can turn into inflation only if C > 0.
On the other hand, in order to have a scenario in which the emergent universe evolves from
an static and classically stable universe at a = a∗ with
a∗ =
√(
3
8piG
)
12B
A2 + 24BC − A√A2 + 12BC , (5)
and then passed to an inflationary phase, the following conditions must to be met, see
Ref. [15]:
0.5 < y < 0.54 , (6)
B < 0 , (7)
− 1
64B
< C < −
√
3
B2
− 7
4B
. (8)
Where A = 1− y and we have defined y = 2δbgC
V1
.
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Now will turn our attention to possible quantum tunneling from the solution a = a∗ to
a = 0, during the static regimen of the EU scenario. Let us first note that there is a conserved
quantity Πφ, due to the fact that from φ→ −∞, there is other symmetry φ→ φ+ c. Given
that in the Einstein frame we can use the action
S =
1
κ
[∫
R
√−g d4x +
∫
p
√−g d4x
]
, (9)
and the symmetry φ→ φ+ c, in which c is a constant, leads to the conservation law
a3(t) [Aφ˙+ 4Bφ˙3] = Πφ = const. . (10)
Without loss of generality, let us consider Πφ > 0, see Appendix B for the case Πφ < 0.
From conservation equation (10), we can write a as a function of φ˙
a(φ˙) =
(
Πφ
Aφ˙+ 4Bφ˙3
)1/3
. (11)
We can note that in this case −∞ < φ˙ < −
√
A
4|B| or 0 < φ˙ <
√
A
4|B| in order to satisfied
Πφ > 0. When φ˙ is in the first region a(φ˙) is a function which approach to zero when
φ˙ → −∞ and diverges when φ˙ → −
√
A
4|B| . But in this region ρ becomes negative see
Eq. (2), then we are not interested in this case.
On the other hand, when φ˙ is in the second region, a(φ˙) has an extremum (minimum) at
φ˙ = φ˙0, where a(φ˙0) = a0, with
φ˙0 =
√
A
12|B| , (12)
a0 =
(
12|B|
A
)1/6 [
3Πφ
2A
]1/3
. (13)
Also from Eq. (11), we obtain that in this region a diverges when φ˙ approach to zero or
to
√
A
4|B| .
Therefore, we can note that a smaller scale factor than a0 is out of the range where the
scale factor is defined for the physical solutions.
As an example, in Fig. 1 we have plotted a(φ˙), where we have considered B = −1,
C = 0.016, y = 0.505964 and Πφ = 113.41.
From Eq. (10) we can obtain φ˙ as a function of a. We have three solutions:
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FIG. 1: From Eq. (10), the scale factor a as a function of φ˙, when it is consider Πφ = 113.41.
φ˙1 = − a
3A
2 31/3
(
9a6B2Πφ +
√
3
√
a18A3B3 + 27a12B4Π2φ
)1/3 (14)
+
(
9a6B2Πφ +
√
3
√
a18A3B3 + 27a12B4Π2φ
)1/3
2 32/3a3B
,
φ˙2 =
(
1 + i
√
3
)
a3A
431/3
(
9a6B2Πφ +
√
3
√
a18A3B3 + 27a12B4Π2φ
)1/3 (15)
−
(
1− i√3) (9a6B2Πφ +√3√a18A3B3 + 27a12B4Π2φ)1/3
432/3a3B
,
φ˙3 =
(
1− i√3) a3A
431/3
(
9a6B2Πφ +
√
3
√
a18A3B3 + 27a12B4Π2φ
)1/3 (16)
−
(
1 + i
√
3
) (
9a6B2Πφ +
√
3
√
a18A3B3 + 27a12B4Π2φ
)1/3
432/3a3B
.
As an example we plot these solutions in Figs. (2, 3, 4), where we have used the values
of Ref. [15] and Πφ = 113.41. We can note that the plots are fully consistent with Fig. 1.
The classical theory which describe this universe can be regarded as a constrained dy-
namical system with a Hamiltonian
6
0.4 0.6 0.8 1.0
a
-25
-20
-15
-10
-5
Φ
 
FIG. 2: From Eq. (10), φ˙1 as function of a when it is consider Πφ = 113.41.
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FIG. 3: From Eq. (10), φ˙2 as function of a when it is consider Πφ = 113.41.
H = − G
3pi a
(
p2a + U(a)
)
, (17)
where
pa = − 3pi
2G
a a˙, (18)
is the momentum conjugate to a, and U(a) corresponds to the effective potential given
by
U(a) =
(
3pi
2G
)
a2
(
1− 8piG
3
a2 ρ(a)
)
, (19)
where we have written ρ as a function of a. It is possible to do that by using the solutions
Eqs.(14, 15, 16) and Eq. (2).
The Hamiltonian constraint is H = 0, from where we obtain the Friedmann equation
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FIG. 4: From Eq. (10), φ˙3 as function of a when it is consider Πφ = 113.41.
(
a˙
a
)2
=
8piG
3
ρ(a)− 1
a2
. (20)
Also, we can obtain the equation for H˙ given by
H˙ = −4pi G(ρ+ p) + 1
a2
. (21)
One of the characteristic of the EU scenario is the period of superinflation after de static
regimen and before inflation where (H˙) > 0, see [24]. From Eq. (21), we note that in
the relevant solutions of our model we do not need to violate the null energy condition,
ρ + p > 0, in order to have an EU scenario (with a superinflationary phase) and avoid the
initial singularity, since we are considering a closed universe. This is different from what
happens in models as Ref. [25], which by the way shows that some violations of the energy
conditions can be consistent.
In the context of quantum theory, the universe could be described by a wave function ψ(a),
the conjugate momentum pa becomes the differential operator −id/da and the constraint is
replaced by the Wheeler-DeWitt (WDW) equation [26]
Hψ(a) = 0, (22)(
− d
2
da2
− β
a
d
da
+ U(a)
)
ψ(a) = 0 , (23)
where we have used the minisuperspace approximation, which is appropriated for our model
where the universe is homogeneous isotropic and closed during the ES regimen and there-
fore has a single degree of freedom, the scale factor [27]. The parameter β represents the
ambiguity in the ordering of the non-commuting factors a and pa in the Hamiltonian. The
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value of β does not affect the wave function in the semiclassical regimen, and usually in the
study of semi-classical stability of EU it is chosen to be zero, see [1–4].
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FIG. 5: Potential U(a) for a > a0. Here, we have used Eq. (15).
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FIG. 6: Potential U(a) for a > a0 near the equilibrium point. Here, we have used Eq. (15).
In order to obtain the potential U(a) for the case of the EU, we have to select one of
the solutions Eqs.(14, 15, 16) which is related with the static and classically stable solution.
This classical solution was discussed in Ref. [15]. In this case this solution is Eq. (15). When
we consider this solution the potential U(a) has a local minimum at a = a∗, where a∗ was
defined in Eq. (5) and a local maximum at a = a′, where
a′ =
√(
3
8piG
)
12B
A2 + 24BC + A
√
A2 + 12BC
. (24)
The nature of these two equilibrium points was discussed in Ref.[15], where it is shown that
a = a∗ is an stable equilibrium point and a = a′ is an unstable equilibrium point. Then, the
system is classically stable near the static solution, a ∼ a∗. There is a finite barrier which
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FIG. 7: Potential U(a) for a > a0. Here, we have used Eq. (16).
prevents the scale factor to go from a ≃ a∗ to infinity and the potential is not well defined
for a < a0 given the discussion above, this can be interpreted as a hard wall at a = a0 for
the potential U(a).
As an example, in Fig. 5 it is plot the potential for the values allowed for a, that is a > a0.
In Fig. 6 it is plot the potential U(a) near the static point (where also was consider a > a0).
Since a smaller scale factor than a0 is out of the range where the scale factor is defined
for the physical solutions, we find that the possible instability towards a equal zero is not
even a logical possibility in this context. Nevertheless, we observe that exist the possibility
of tunneling through the finite barrier from the static solution to an expanding universe, see
Fig. 5. This is an interesting scenario to study in future works.
As an example, in Fig. 7 it is show the potential for the solution Eq. (16), we can note,
as we expected, that in this case there is not a equilibrium point as in Fig. 6.
From the Friedmann equation, Eq. (20), and Eq. (10) we can note that solutions φ˙2 and
φ˙3 are not connected by the dynamics of the system. Solution Eq. (15) satisfies φ˙2 > φ˙0 and
solution Eq. (16) satisfies φ˙3 < φ˙0, and it is not possible to cross the line φ˙ = φ˙0. At this
respect, and by using Eq.(10), we can rewrite Eq. (20) as the following equations for φ˙,
φ¨2 + V (φ˙) = 0 , (25)
where
V (φ˙) =
(Aφ˙+ 4Bφ˙3)2
(A + 12Bφ˙2)2
[
1
Π
2/3
φ
(Aφ˙+ 4Bφ˙3)2/3 − κ
3
(
A
2
φ˙2 + 3Bφ˙4 + C
)]
. (26)
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Then, from Eq. (26) we note that the solutions φ˙2 and φ˙3 are classically disconnected
since V → ∞ at the value φ˙ = φ˙0 =
√
A
12|B| . However, there is the possibility of tunneling
through this divergent barrier, see [28]. In this case, the tunneling correspond to a quantum
tunneling from the static solution to an expanding universe with initial values a = a0.
As an example in Fig. 8 it is shown the potential V (φ˙), where we have used Πφ = 113.41
and the values of Ref. [15]. We can note that there is an infinite barrier at φ˙ = φ˙0 = 0.20.
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FIG. 8: Potential V (φ˙), for φ˙ > 0.
In Fig. 9 we show the dependence of the potential V (φ˙) as a function of φ˙, near the
equilibrium point.
0.210 0.212 0.214 0.216 0.218 0.220
Φ
 
1.´10-6
2.´10-6
3.´10-6
4.´10-6
5.´10-6
V
FIG. 9: Potential V (φ˙) near the equilibrium point.
Therefore, we note that both tunnelings discussed above do not correspond to a collapse
to a→ 0, but a creation of an expanding universe.
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I. DISCUSSION AND CONCLUSIONS
It has been recently pointed out by Mithani-Vilenkin [1–4] that certain emergent universe
scenarios which are classically stable are nevertheless unstable semiclassically to collapse.
In this work, we shown that there is a class of emergent universes derived from scale in-
variant two measures theories with spontaneous symmetry breaking of the scale invariance,
which can have both classical stability and do not suffer the instability pointed out by
Mithani-Vilenkin towards collapse. This stability is due to the presence of a symmetry in
the ”emergent phase”, which together with the non linearities of the theory, does not allow
the FLRW scale factor to be smaller that a certain minimum a0 in a certain protected region.
Since a smaller scale factor than a0 is out of the range where it is defined for the physical
solutions φ˙2 and φ˙3 where ρ is positive, we have found that the possible instability towards
a scale factor equal zero is not even a logical possibility in this context. Therefore our model
is free of the instability towards collapse described in Refs. [1–4]. The conserved quantity
Πφ 6= 0 provides in this case with a protection towards collapse to a equal zero.
It is interesting to observe that exist the possibility of tunneling through the finite barrier
of the potentials U(a) and V (φ˙) from the static solution to an expanding universe, but also
there is the possibility of tunneling through the divergent barrier of potentials V (φ˙), see
Eq. (26). In this case, the tunneling correspond to a quantum tunneling from the static
solution to an expanding universe with initial values a = a0. We have noted that both
tunnelings process, do not correspond to a collapse to a→ 0, instead they correspond to a
creation of an expanding universe. This is an interesting scenario to study in future works
and correspond to an alternative scheme for an emergent universe scenario, similar to the
one studied in Refs. [30].
In particular in this work we studied the model Ref. [15], but the results obtained in
this work can also be applied to models studied in Refs. [14]-[17], which present similar
symmetries as the model in Ref. [15].
We should mention that, we have considered a closed universe, where the contribution
of the curvature term is relevant before the inflationary period. Nevertheless, they are the
possibility of contrast the EU with observation by studying the superinflationary period
of these models. As it was reported in Ref. [24], during the superinflationary period, the
EU scenario produces a suppression of the CMB anisotropies at large scale which could be
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responsible for the observed lack of power at large angular scales of the CMB. We hope
to be able to analyze this suppression and also submitting our model to further test such
as CMB temperature anisotropies and density perturbations. This will be the subject of a
future work.
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Appendix A: Review of the TMT theories
The TMT is a generally coordinate invariant theory, where the action has to be of the
form[19]-[23]
S =
∫
L1Φd
4x+
∫
L2
√−gd4x, (27)
including two Lagrangians L1 and L2 and two measures of integration
√−g and Φ. One is the
usual measure of integration
√−g in the 4-dimensional space-time manifold equipped with
the metric gµν . The other is the new measure of integration Φ in the same 4-dimensional
space-time manifold. The measure Φ being a scalar density and a total derivative (see
Ref.[29]) may be defined by means of four scalar fields ϕa (a = 1, 2, 3, 4),
Φ = εµναβεabcd∂µϕa∂νϕb∂αϕc∂βϕd. (28)
It is assumed that the Lagrangian densities L1 and L2 are functions of all matter fields,
the dilaton field, the metric, the connection but not of the ”measure fields” (ϕa ). In such a
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case, i.e. when the measure fields enter in the theory only via the measure Φ, the action (27)
possesses an infinite dimensional symmetry. In the case given by Eq.(28) these symmetry
transformations have the form ϕa → ϕa + fa(L1), where fa(L1) are arbitrary functions of
L1 (see details in Ref.[19]).
In this theory, we assume that all fields, including also the metric, connection and the
measure fields are independent dynamical variables. All the relations among them are results
of the equations of motion. In particular, the independence of the metric and the connection
means that we proceed in the first order formalism and the relation between connection and
metric is not necessarily according to Riemannian geometry.
Varying the measure fields ϕa, we get B
µ
a∂µL1 = 0 where B
µ
a = ε
µναβεabcd∂νϕb∂αϕc∂βϕd.
Since Det(Bµa ) =
4−4
4!
Φ3 it follows that if Φ 6= 0,
L1 = sM
4 = const, (29)
where s = ±1 and M is a constant of integration with the dimension of mass.
We proceed now to discuss the question of scale invariance in the context of TMT. A
dilaton field φ allows to realize a spontaneously broken global scale invariance[20]. We
postulate that the theory is invariant under the global scale transformations:
gµν → eθgµν , Γµαβ → Γµαβ , ϕa → λabϕb where det(λab) = e2θ, φ→ φ−
Mp
α
θ. (30)
We choose an action which, except for the modification of the general structure caused
by the basic assumptions of TMT, does not contain any exotic terms and fields as like as in
the conventional formulation of the minimally coupled scalar-gravity system. Keeping the
general structure (27), it is convenient to represent the underlying action of our model in
the following form [22]:
S =
∫
d4xeαφ/Mp
[
− 1
2 κ
R(Γ, g)(Φ + bg
√−g) + (Φ + bφ
√−g)1
2
gµνφ,µφ,ν (31)
− eαφ/Mp (ΦV1 +√−gV2) ].
We use κ = 8pi/M2p where Mp is the four-dimensional Planck mass. In the equations of
motion following from this action, we change the metric to the new one
g˜µν = e
αφ/Mp(ζ + bg)gµν , (32)
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where ζ ≡ Φ√−g . The conformal metric g˜µν represents the ”Einstein frame”, since the con-
nection becomes Riemannian. Notice that g˜µν is invariant under the scale transformations
(30). After the change of variables to the Einstein frame the gravitational equations take
the standard GR form
Gµν(g˜αβ) = κT
eff
µν , (33)
where Gµν(g˜αβ) is the Einstein tensor. The energy-momentum tensor, T
eff
µν , becomes
T effµν =
ζ + bφ
ζ + bg
(
φ,µφ,ν − 1
2
g˜µν g˜
αβφ,αφ,β
)
− g˜µν bg − bφ
2(ζ + bg)
g˜αβφ,αφ,β + g˜µνVeff(φ; ζ,M),(34)
where the function Veff(φ; ζ,M) is defined as following:
Veff(φ; ζ,M) =
bg
[
sM4e−2αφ/Mp + V1
]− V2
(ζ + bg)2
. (35)
The scalar field ζ is determined by the consistency of (33) with (29), which lead to the
constraint
(bg − ζ)
[
sM4e−2αφ/Mp + V1
]− 2V2 − δ · bg(ζ + bg)Z = 0, (36)
where Z ≡ 1
2
g˜αβφ,αφ,β and δ =
bg−bφ
bg
.
The effective energy-momentum tensor (34) can be represented in a form of that of a
perfect fluid T effµν = (ρ + p)uµuν − pg˜µν , where uµ = φ,µ(2Z)1/2 with the following energy and
pressure densities resulting from Eqs.(34) and (35) after inserting the solution ζ = ζ(φ, Z;M)
of Eq.(36)
ρ(φ, Z;M) = Z +
(sM4e−2αφ/Mp + V1)2 − 2δbg(sM4e−2αφ/Mp + V1)Z − 3δ2b2gZ2
4[bg(sM4e−2αφ/Mp + V1)− V2] , (37)
and
p(φ, Z;M) = Z −
(
sM4e−2αφ/Mp + V1 + δbgZ
)2
4[bg(sM4e−2αφ/Mp + V1)− V2] . (38)
Notice that if s and V1 have different signs one obtains without fine tuning a vacuum state
with zero energy density. In this work we will consider a scenario where the scalar field is
moving in the extreme left region φ→ −∞, then, in this case α < 0. The constants of this
model are subject to the observational constrains and stability conditions Eqs. (6-8) studied
in Ref. [15].
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Appendix B: Case Πφ < 0
We consider the case Πφ < 0. From conservation equation (10), we can write a as a
function of φ˙
a(φ˙) =
(
Πφ
Aφ˙+ 4Bφ˙3
)1/3
. (39)
We can note that in this case −
√
A
4|B| < φ˙ < 0 or
√
A
4|B| < φ˙ < ∞ in order to satisfied
Πφ < 0. When φ˙ is in the second region a(φ˙) is a function which approach to zero when
φ˙ → ∞ and diverges when φ˙ →
√
A
4|B| . But in this region ρ becomes negative see Eq. (2),
then we are not interested in this case.
On the other hand, when φ˙ is in the first region, a(φ˙) has a minimum at φ˙ = φ˙0, where
a(φ˙0) = a0, with
φ˙0 = −
√
A
12|B| , (40)
a0 =
(
12|B|
A
)1/6 [
3|Πφ|
2A
]1/3
. (41)
Also from Eq. (39), we obtain that in this region a diverges when φ˙ approach to zero or
to −
√
A
4|B| .
Therefore, we can note that a smaller scale factor than a0 is out of the range where the
scale factor is defined for the physical solutions.
As an example, in Fig. 10 we have plotted a(φ˙), where we have considered B = −1,
C = 0.016, y = 0.505964 and Πφ = −113.41.
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